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1. Introduction
In this introduction we summarize both the Lunn-Senior’s mathematical model from
[3], and the content of the present paper.
1.1. Let AR be a set of atoms and radicals we are interesting in. The structural
(connectivity) formula of a given chemical molecule is usually drawn as an AR-labelled
graph Γ, where the labels of the vertices of Γ represent atoms or radicals from AR, and
its (possibly multiple) edges represent valences, or, equivalently, the connectivity data.
We note that repetitions of labels are allowed. In the sequel, we identify the graph Γ
with the corresponding structural formula. Following [3, I, p. 1030], we use the terms
“structure” and “connectivity” as synonyms in order to underline their independence of
the 3-dimensional space’s limitations.
The mathematical model of Lunn and Senior, which is considered in [3], is based on
fixing a certain subset U(Γ) of the set v(Γ) of vertices of Γ, which has the property that
each vertex in U(Γ) is an endpoint of exactly one edge of Γ. The labels of the vertices from
U(Γ) are called univalent substituents of Γ. The subgraph Σ(Γ) of Γ, with set of vertices
v(Γ)\U(Γ) and all edges that connect these vertices, is said to be the skeleton of Γ.
Obviously, the division of a structural formula into skeleton and univalent substituents
is not unique, but once fixed, this division produces certain properties of the molecule,
which, after Lunn and Senior (see [3, I, p. 1031]), are called type properties.
Given the skeleton Σ = Σ(Γ), the “degrees of freedom” of the system are constituted by
the various ways of distributing the univalent substituents among the unsatisfied valences
of the skeleton. Let d be the number of univalent substituents of Γ. We assign to each
vertex of the skeleton with unsatisfied valence a number from 1, 2, . . . , d, so that different
vertices have different numbers, and denote the set of these numbers by [1, d]. There are
as many different AR-labelled graphs Γ with a fixed skeleton Σ, as maps i: [1, d] → AR,
k 7→ ik. Thus, the Cartesian product (AR)
d classifies the variety of all structural formulae
Γ with a given skeleton Σ. The combinatorial analysis of these Γ’s is governed by the
representation theory of the symmetric group Sd of the set [1, d].
The fact that the univalent substituents consist of “groups of like individuals”, and
that “...the differences between them become qualitative, like the differences between red,
blue, and yellow geometrical points” (see [3, I, p. 1031]), can be encoded in the mathe-
matical model via dissecting the set [1, d] into several disjoint subsets Ak: [1, d] = ∪kAk.
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The group Sd acts naturally on the set ∆d of all ordered dissections A = (A1, A2, . . . , Ad)
of the set [1, d] by virtue of the rule
ζA = (ζ(A1), ζ(A2), . . . , ζ(Ad)). (1.1.1)
Thus, we establish a monomial representation of the symmetric group Sd. We consider
the subset Td of ∆d, consisting of all ordered dissections A whose components are ordered
from largest to smallest. Clearly the elements of the latter can be identified as tabloids
with d nodes (see [2, Ch. 2, 2.2.16]). Since Sd is d-transitive on the set [1, d], there exists
a one-one correspondence between the orbit space Sd\Td and the set Pd of all partitions
λ = (λ1, λ2, . . . , λd) of the positive integer d. This correspondence can be obtained by
factoring out the surjective map ϕ:Td → Pd, (A1, A2, . . . , Ad) 7→ (λ1, λ2, . . . , λd), where
λk is the cardinality of the set Ak. The Sd-orbit Tλ corresponding to the partition λ ∈ Pd
consists of all tabloids of shape λ.
Once a skeleton Σ with d unsatisfied valences is fixed, any tabloid A ∈ Td can be
considered as structural substituens’ pre-formula of the d univalent substituents. In other
words, A is a pattern of maps which assigns to each number in the component A1 of that
tabloid λ1 identical univalent substituents x1 of type 1, to each number in the compo-
nent A2 — λ2 identical univalent substituents x2 of type 2, etc., regardless of the nature
of these substituents. Moreover, there is a one-one correspondence between the struc-
tural substituents’ pre-formulae and the structural pre-formulae obtained after joining the
skeleton. Then the monomial
xλ11 x
λ2
2 . . . x
λd
d , (1.1.2)
where λ is a partition of d, represents the empirical substituents’ pre-formula common to
all structural substituents’ pre-formulae from the the set Tλ.
Throughout the rest of the paper, in any particular consideration the skeleton will
be fixed, so we shall use the expression “structural (respectively, empirical) pre-formula”
for structural (respectively, empirical) substituents’ pre-formula, and shall identify this
structural pre-formula with the corresponding tabloid.
Introducing tabloids, we avoid their equivalent but complicated set theoretic interpre-
tations used in [3, II–]. In particular, our approach allows us to generalize for any partition
λ of d the adjacency relations from [3, VI], explicitly defined by Lunn and Senior only for
the case λ1 + λ2 = d.
1.2. A simple substitution reaction
xµ11 . . . x
µi
i . . . x
µj
j . . . −→ x
λ1
1 . . . x
λi
i . . . x
λj
j . . . , (1.2.1)
where λ, µ ∈ Pd, and µ1 = λ1, . . ., µi = λi + 1, . . ., µj = λj − 1, . . ., µd = λd, is reflected
by the mathematical model via introducing on the sets Pd and Td the so called simple
raising operators ρi,j , and Ri,s, respectively (see Sections 2, 3). The operator Ri,s acts on
a particular structural pre-formula A = (A1, A2, . . . , Ad) ∈ Tλ by transferring the element
s ∈ Aj to Ai. This operator mimics the inverse of the operation indicated in the chemical
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equation (1.2.1): The replacement of one of the univalent substituents xi of type i in A
with an univalent substituent xj of type j. The structural pre-formula
B = (A1, . . . , Ai ∪ {s}, . . . , Aj\{s}, . . . , Ad) = Ri,sA
thus obtained is a tabloid of shape µ, and λ and µ are connected via the simple raising
operator ρi,j (see Section 2): µ = ρi,jλ.
A finite product R (respectively, ρ) of simple raising operators Ri,s (respectively, ρi,j)
is said to be a raising operator. By means of these raising operators, we introduce partial
orders on the sets Td and Pd:
A ≤ B if and only if there is a raising operator R with B = RA, (1.2.2)
λ ≤ µ if and only if there is a raising operator ρ with µ = ρλ.
The latter order is the famous dominance order which plays an important role in the
representation theory of the symmetric group (see [2]). We note that in Sections 1 and 3
we state equivalent definitions of the partial orders A ≤ B, and λ ≤ µ, respectively, which
allow a direct check (in particular, by a computer).
1.3. Now, we turn our attention to the structural pre-formulae as arranged in equiva-
lence classes by certain isomeric relation. In [3], Lunn and Senior consider three isomeric
relations:
(a) Univalent substitution isomerism;
(a′) stereoisomerism;
(a′′) structural isomerism.
The basic assumption of Lunn and Senior in [3, III] is that for a fixed isomeric relation
among (a) – (a′′), and for a fixed skeleton Σ, there exists a permutation group W ≤ Sd,
such that the corresponding isomeric classes can be identified with some W -orbits in Td.
More precisely, the group W acts on the set Td via the rule (1.1.1), and the isomers with
skeleton Σ and with d univalent substituents are identified with the elements of the set
Td;W =W\Td of W -orbits in Td.
The authors emphasize that this groupW can be chosen from the large selection of sub-
groups of Sd, using considerations which have nothing in common with the 3-dimensional
space configuration of the respective molecule.
The set Tλ of tabloids of shape λ is a disjoint union of several W -orbits, and if we
denote the set of these W -orbits by Tλ;W , we have Td;W = ∪λ∈PdTλ;W . It should be
mentioned that in the set Tλ;W are gathered all isomers with empirical pre-formula (1.1.2).
Let nλ;W be the number of elements of the set Tλ;W .
1.4. Let us consider the partial order on Td;W obtained by factoring-out the partial
order (1.2.2) in Td: For a, b ∈ Td;W , we write
a ≤ b if and only if A ≤ B for some A ∈ a and B ∈ b.
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This partial order on Td;W is a natural generalization of the adjacency relations con-
sidered in [3, VI], so it is a mathematical model of the genetic relations among isomers in
organic chemistry.
For any couple λ, and µ of adjacent partitions with λ < µ, and µ = ρi,jλ, we consider
the subset Rλ,µ;W ⊂ Tλ;W × Tµ;W , consisting of all ordered pairs (a, b) such that a < b,
and set tλ,µ;W = |Rλ,µ;W |.
1.5. Now, we shall enunciate the main statements of Lunn and Senior from [3], sum-
marized in the following
1.5.1. Lunn-Senior’s thesis. Let Σ be a skeleton with d unsatisfied single valences.
One considers molecules with skeleton Σ and substitution’s structural pre-formulae which
have empirical formula (1.1.2). Then
1. There exist three permutation groups G, G′, G′′ ≤ Sd, such that:
(1a) Any univalent substitution isomer can be identified with a G-orbit in Td;
(1a′) any stereoisomer can be identified with a G′-orbit in Td;
(1a′′) any structural isomer can be identified with a G′′-orbit in Td.
2. The groups G, G′, and G′′ ≤ Sd, are connected in the following way:
(2a)G = G′, in case there are no chiral pairs among the univalent substitution isomers,
and G ≤ G′ with |G′ : G| = 2, in case there are such pairs. In the first case, the G- and
G′-orbits coincide and some of them inventory the diastereomers. In the last case, each
G′-orbit contains either
(2ae) two G-orbits, and the members of any chiral pair are represented by such a
couple of G-orbits,
or, coincide with
(2ad) one G-orbit, and any diastereomer is represented by such a G-orbit.
(2b) Any G′′-orbit is a disjoint union of G′-orbits.
3. Each simple substitution reaction b → a of the type (1.2.1) can be identified with
the element (a, b) ∈ Rλ,µ;G.
4. The terms and relations involved in the statements 1 – 3 do not depend on the
nature of the univalent substituents, so they represent type properties of the molecules
under consideration.
Remark 1.5.2. The chemical discourse which has resource to the experiment, and Lunn-
Senior’s mathematical model, create two languages showing some discrepancy. Below, we
state explicitly the chemical definitions of the different types of isomerism described by
the mathematical model, in terms of the model itself. Any two compounds in a particular
definition are supposed to have the same empirical formula, that is, the corresponding
tabloids have the same shape.
Two chemical compounds are said to be structural isomers if the G′′-orbits of their
structural formulae are different.
Two chemical compounds are called stereoisomers if the G′-orbits of their structural
pre-formulae are different, but are contained in the same G′′-orbit (that is, they have the
same connectivity data).
Two chemical compounds are said to be univalent substitution isomers if the G-orbits
of their structural formulae are different.
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Two chemical compounds are said to form an chiral pair if the G-orbits of their
structural formulae are different, but are contained in, and cover the same G′-orbit (in
particular, they represent the same stereoisomer).
Two chemical compounds are said to be diastereomers if: (a) the G-orbits O1 and
O2 of their structural formulae are different; (b) each of O1 and O2 coincide with the
corresponding G′-orbit; (c) both O1 and O2 are contained in the same G
′′-orbit ((a) - (c)
yield that O1 and O2 are stereoisomers).
Let Nλ;Σ (respectively, N
′
λ;Σ, N
′′
λ;Σ) be the number of univalent substitution isomers
(respectively, stereoisomers, structural isomers) with fixed skeleton Σ, which have empirical
pre-formula (1.1.2). Let Tλ,µ;Σ be the number of different simple substitution reactions of
the type (1.2.1) among the univalent substitution isomers with that skeleton Σ.
According to Lunn-Senior’s thesis we have as consequences the following inequalities:
Nλ;Σ ≤ nλ;G, Tλ,µ;Σ ≤ tλ,µ;G, λ ∈ Pd, (1.5.3)
N ′λ;Σ ≤ nλ;G′ , λ ∈ Pd, (1.5.4)
and
N ′′λ;Σ ≤ nλ;G′′ , λ ∈ Pd. (1.5.5)
The above inequalities can be used to find the group which corresponds to the par-
ticular type of isomerism, as Lunn-Senior’s thesis asserts: If one of the inequalities from a
row is false for a particular subgroup of the symmetric group Sd, then this subgroup has to
be rejected (see [3, IV]). On the other hand, Theorem 5.2.5 shows that the family (nλ;W )λ
of non-negative integers defines both the permutation group W ≤ Sd up to combinatorial
equivalence, and the corresponding induced monomial representation IndSdW (1W ) of the
symmetric group Sd — up to isomorphism (here W is one of the groups G, G
′, or G′′).
1.6. A disadvantage of Lunn-Senior’s mathematical model is that there are no enough
tools immanent to it, in order for two W -orbits to be distinguished.
The aim of this article is to present a mathematical formalism which includes Lunn-
Senior’s model as a particular case and makes use of the one-dimensional characters of the
group W , and the one-dimensional characters of the group Sλ = Sλ1 × Sλ2 × · · · ≤ Sd, for
picking out of some special W -orbits. A point of departure is the following observation.
Let us suppose that there are chiral pairs among the stereoisomers of a given molecule with
empirical formula (1.1.2). Then, according to Lunn-Senior’s thesis 1.5.1, the group G is a
(normal) subgroup of G′ with |G′ : G| = 2. Let χe:G
′ → {1,−1} be the homomorphism of
groups, which assigns 1 to each element of G, and −1 to each element of the complement
G′\G of G. Each G′-orbit (which, at least potentially, represents a stereoisomer) either
coincide with the corresponding G-orbit, (and potentially represents a diastereomer) or
splits into two G-orbits (thus potentially representing an chiral pair). The G′-orbits O
which consist of two G-orbits can be distinguished from the other G′-orbits in the following
way. Suppose that A ∈ O is a tabloid, and let G′A be the stabilizer of A in G
′. We can
consider χe as a one-dimensional character χe:G
′ → K, where K is the field of complex
numbers. Then O splits into two G-orbits if and only if the character χe is identically 1 on
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the subgroup G′A. We can count the number of those G
′-orbits (let us call them χe-orbits),
using the machinery developed in Section 5. Thus, the one-dimensional character χe of
the group G′ produces a type property of the molecule in question.
On the other hand, it is well known that there is a one-one correspondence between
the set Tλ;W of all W -orbits in Tλ, and the set of all double cosets of Sd modulo (W,Sλ).
Let θ be a one-dimensional character of the group Sλ, and let χ be a one-dimensional
character of W . We consider the subset Tλ;χ,θ of the set Tλ;W , consisting of all W -orbits
which satisfy property (5.1.3), (call them (χ, θ)-orbits), and set nλ;χ,θ = |Tλ;χ,θ|.
The hypothesis that for any pair (χ, θ), where W is a group among G, G′, and G′′,
the property (5.1.3) is a type property of the corresponding molecule, recognizable by an
experiment, yields the following
1.6.1. Extended Lunn-Senior’s thesis. Let Σ be a skeleton with d unsatisfied sin-
gle valences. One considers molecules with skeleton Σ and substitution’s structural pre-
formulae which have empirical formula (1.1.2). Then
1. There exist three permutation groups G, G′, G′′ ≤ Sd, such that:
(1a) Any univalent substitution isomer can be identified with a G-orbit in Td;
(1a′) any stereoisomer can be identified with a G′-orbit in Td;
(1a′′) any structural isomer can be identified with a G′′-orbit in Td.
2. The groups G, G′, and G′′ ≤ Sd, are connected in the following way:
(2a)G = G′, in case there are no chiral pairs among the univalent substitution isomers,
and G ≤ G′ with |G′ : G| = 2, in case there are such pairs. In the first case, the G- and
G′-orbits coincide and some of them inventory the diastereomers. In the last case, each
G′-orbit contains either
(2ae) two G-orbits, and the members of any chiral pair are represented by such a
couple of G-orbits,
or, coincide with
(2ad) one G-orbit, and any diastereomer is represented by such a G-orbit.
The χe-orbits are those G
′-orbits which represent the chiral pairs.
(2b) Any G′′-orbit is a disjoint union of G′-orbits.
3. For each sequence b → · · · → a of simple substitution reactions one has a < b and
the reaction b→ a can be identified with the inequality a < b in Td;G.
4. The terms and relations involved in the statements 1 – 3 do not depend on the
nature of the univalent substituents, so they represent type properties of the molecules
under consideration.
5. If θ is a one-dimensional character of the group Sλ, and χ is a one-dimensional
character of the group W , where W is one of G, G′, or G′′, then the set of all (χ, θ)-orbits
of W in Tλ represents a type property of the molecule.
The isomers which correspond to the hypothetical type property from 1.6.1, item
5, are called (χ, θ)-isomers. Let Nλ;χ,θ;Σ be the number of all (χ, θ)-isomers with fixed
skeleton Σ.
As far as Extended Lunn-Senior’s thesis is valid, we have the inequalities
Nλ;χ,θ;Σ ≤ nλ;χ,θ.
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1.7. In Section 2 we consider the dominance order on the set Md consisting of all
d-tuples m = (m1, . . . , md) of non-negative integers whose sum is d, (see [2, Ch. 1, 1.4.6])
and gather the necessary information concerning neighbourhood in Md and in its subset
Pd of all partitions of d.
In Section 3 we introduce tabloids and raising operators which act on their set Td
by analogy with the raising operators from Section 2. Inasmuch as possible, we work in
the wider set ∆d, consisting of all ordered dissections A = (A1, . . . , Ad) of the set [1, d].
We provide the set ∆d with a partial order (also called dominance order) such that if we
consider the dominance order on the set Md, then the map ϕ: ∆d → Md from (3.1.1) is
a homomorphism of partially ordered sets. The main objective in Section 3 is the study
of the equation ϕ(X) = n, where n ∈ Md (respectively, n ∈ Pd), and the unknown X
varies in an interval [A,B] in ∆d (respectively, in Td). Theorem 3.4.3 allows us to establish
Theorem 3.5.1 which is a criterion for two ordered dissections (tabloids) A and B to be
neighbours with respect to the corresponding partial order. This is done by a systematical
use of raising operators.
In Section 4 we factor out the constructions from Section 3 with respect to the action of
a permutation group W ≤ Sd, and produce the sets ∆d;W and Td;W , the last one being the
sphere of action of the generalized Lunn-Senior’s mathematical model of isomerism. Note
especially Theorem 4.2.1 which gives necessary and sufficient conditions for two elements
a and b to be adjacent in ∆d;W (respectively, in Td;W ), as well as Theorem 4.2.3 which is
a criterion for a and b to be neighbours there.
Section 5 is devoted to finding explicit expressions for the maximum number of isomers
under consideration, according to Lunn-Senior’s thesis 1.5.1 and its extension 1.6.1. Here
Theorem 5.2.7 is the central result. In Corollary 5.2.10 we give another proof of Ruch’s
formula which establishes an explicit expression for the numbers nλ;W (see [6]). We have
to point out Lemma 5.4.3 which shows that when θ is the unit character of the group
Sλ, the abstract condition (5.1.3) on the stabilizer WA of an ordered dissection A ∈ a is
equivalent to to the following maximum property of the W -orbit a:
“the W − orbit a consists of |W : Wχ| in number Wχ − orbits”,
where Wχ ≤W is the kernel of the one-dimensional character χ:W → K.
Theorem 5.3.1 is a generalization of an important result of E. Ruch which connects
the dominance order on the set Pd and the existence of chiral pairs, as it is shown in
Subsection 6.2, Theorem 6.2.1. The rest of Section 6 contains illustrations of our approach
applied on well known examples: A proof of Kauffmann formulae for the derivatives of
naphthalene, and inferences of the genetic relations of ethene and benzene.
2. Partitions
2.1. Let Nd be the set of all d-tuplesm = (m1, . . . , md) of integersmj with
∑
jmj = d.
Let Md be the subset of Nd consisting of all d-tuples m with non-negative components.
We denote by Pd the subset of Md whose elements are all λ = (λ1, . . . , λd) ∈ Md with
λ1 ≥ . . . ≥ λd. The elements of Pd are called partitions of d. The partition λ can be
visualized by the corresponding Young diagram:
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λ =
× × · · · · · · · · · × λ1 nodes
× × · · · · · · × λ2 nodes
...
...
× · · · λt nodes
(2.1.1)
where λt is the last nonzero component of λ. Let l = (l1, . . . , ld) and m = (m1, . . . , md) be
two elements of the set Md. In case l1 = m1, we denote by q(l,m) the maximum number
q ∈ [1, d] such that l1 = m1, . . . , lq = mq . Otherwise, we set q(l,m) = 0.
Let ≤ be the dominance order on Nd (see [4, Ch. I, Sec. 1]). We remind that l ≤ m if
and only if
∑i
k=1 lk ≤
∑i
k=1mk for any 1 ≤ i ≤ d. In this case we say that m dominates
l. It is clear that ≤ is a partial order on Nd (see Appendix A) which induces partial orders
on Md and in Pd, the last two being denoted by the same sign and also named dominance
order. Below, the dominance order on P6 is graphically portrayed.
(6)
↓
(5, 1)
↓
(4, 2)
ւ ց
(4, 12) (32)
ց ւ
(3, 2, 1)
ւ ց
(3, 13) (23)
ց ւ
(22, 12)
↓
(2, 14)
↓
(16)
Given i, j ∈ [1, d], we define an operator ρi,j :Nd → Nd by the formulae
ρi,j(l) =
{
(l1, . . . , li + 1, . . . , lj − 1, . . . , ld) if 1 ≤ i < j ≤ d
l if 1 ≤ j ≤ i ≤ d.
The operators ρi,j are called simple raising operators in Nd. Obviously, any two simple
raising operators ρi1,j1 and ρi2,j2 in Nd commute. Any product ρ = ρi1,j1ρi2,j2 . . . of simple
raising operators is called raising operator in the set Nd. A raising operator is said to be
non-trivial if it moves at least one element in Nd. Otherwise, it is called trivial.
Remark 2.1.2. We note that the subsets Md, and Pd of Nd are not closed with respect to
the action of a non-trivial raising operator: Given a d-tuple l ∈ Md, and a simple raising
operator ρi,j with 1 ≤ i < j ≤ d, one has ρi,j(l) ∈Md if and only if lj ≥ 1.
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If 1 ≤ i < j ≤ d, and µ = ρi,jλ ∈ Pd, then the picture below illustrates the action of
the simple raising operator ρi,j on the Young diagram representing the partition λ:
λ =
× × · · · · · · · · · · · · · · · × λ1 nodes
...
...
i × × · · · · · · · · · × λi nodes
... ր
...
j × × · · · × × λj nodes
...
...
× · · · λt nodes
↓ ρi,j
µ =
× × · · · · · · · · · · · · · · · × λ1 nodes
...
...
i × × · · · · · · · · · × × λi + 1 nodes
...
...
j × × · · · × λj − 1 nodes
...
...
× · · · λt nodes
2.2. The main aim of the rest of this section is to discuss the conditions under which
two elements of Md (respectively, of Pd) are neighbours (see Apendix A).
For any ordered pair (l,m) of elements of Nd we define a sequence of integers
rk = rk(l,m) =
k∑
i=1
(mi − li), k = 1, . . . , d− 1,
and set r = r(l,m) =
∑d−1
k=1 rk. It is evident that l ≤ m if and only if rk(l,m) ≥ 0 for all
k = 1, . . . , d− 1.
We borrow part (i) of the next lemma from [4, Ch. I, Sec. 1], and modify it in part
(ii).
Lemma 2.2.1. (i) If l, m ∈ Nd, then one has l ≤ m if and only if there exists a raising
operator ρ with m = ρ(l);
(ii) if l,m ∈ Md, and if l ≤ m, then m = ρ(l) for a raising operator ρ having
the following property: There exists a sequence of r = r(l,m) non-trivial simple raising
operators ρ1, ρ2, . . . , ρr of the type ρi,i+1, 1 ≤ i ≤ d− 1, such that:
(a) ρ = ρr · · ·ρ2ρ1;
(b) ρ1(l) ∈Md, ρ2ρ1(l) ∈Md, . . . , ρr−1 . . . ρ2ρ1(l) ∈Md;
(c) l < ρ1(l) < ρ2ρ1(l) < . . . < ρr−1 . . . ρ2ρ1(l) < m.
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Proof: (i) Suppose that there exists a raising operator ρ with m = ρ(l). We can assume
that ρ = ρi,j, and in this case apparently l ≤ m. Conversely, let l ≤ m. Then m = ρ(l) for
ρ =
d−1∏
k=1
ρrkk,k+1,
where rk = rk(l,m);
(ii) We shall prove this statement by induction with respect to r = r(l,m) ≥ 0. If
r = 0, then l = m and the trivial operator ρ which is a product of 0 in number simple
raising operators ρk works. If r = 1, then l < m, and there exists an index k = i such that
ri = 1, and rk = 0 for all k 6= i, k = 1, . . . , d− 1. This implies m = ρi,i+1(l), and we can
set ρ = ρi,i+1. Suppose that part (ii) is true for all l,m ∈Md with l ≤ m, and r ≤ k, and
let r = k + 1. We set q = q(l,m). Thus, q < d− 1, and r1 = · · · = rq = 0, and rq+1 ≥ 1.
Let κ ≥ 2 be the smallest integer with rq+κ = 0 (integers κ with the property rq+κ = 0
exist: For instance, κ = d− q). We have
lq+2 + · · ·+ lq+κ ≥ lq+2 + · · ·+ lq+κ −mq+2 + · · ·+mq+κ = rq+1 ≥ 1,
and hence there exists an index j, q + 2 ≤ j ≤ q + κ, with lj ≥ 1. We set i = q + 1, and
l′ = ρi,j(l). Then l
′ ∈Md, l < l
′, and we have rk(l
′, m) = rk−1 when k = i, . . . , j−1, and
rk(l
′, m) = rk otherwise. Since rk ≥ 1 for all k = i, . . . , q+ κ− 1, then rk(l
′, m) ≥ 0 for all
k, so l′ ≤ m. Moreover, r(l′, m) = r(l,m)− (j− i) = k+1− (j− i) ≤ k, and the inductive
assumption yields that there exist r′ = r(l′, m) simple raising operators ρ′1, . . . , ρ
′
r′ of the
desired type, such that m = ρ′(l′) for ρ′ = ρ′r′ · · ·ρ
′
1, and conditions (b) and (c) are
satisfied. Taking into account that ρi,j = ρi,i+1 · · ·ρj−1,j, and that r = r
′ + (j − i), we get
our statement.
Theorem 2.2.2. The d-tuples l, m are neighbours in Md with l < m if and only if there
exists i ∈ [1, d] such that m = ρi,i+1(l).
Proof: Let m = ρi,i+1(l) and l ≤ n ≤ m. We have nk = lk = mk for 1 ≤ k ≤ i − 1.
Then li ≤ ni ≤ mi = li + 1, so either ni = li, or ni = mi. Further, li + li+1 ≤ ni + ni+1 ≤
li+1+ li+1−1, hence li+ li+1 = ni+ni+1 = mi+mi+1. The two cases ni = li, or ni = mi,
imply n = l, or n = m, respectively. Therefore l and m are neighbours with l < m.
Now, suppose that the d-tuples l, m are neighbours in Md with l < m. According to
Lemma 2.2.1, (ii), we have m = ρ(l), where the raising operator ρ satisfies all conditions
(a) - (c). This yields r = 1, and hence m = ρi,i+1(l).
2.3. Here we state [2, Ch. 1, Theorem 1.4.10] which gives necessary and sufficient con-
ditions for two partitions λ, µ ∈ Pd to be neighbours in Pd, and refer to the corresponding
proof there. It reads as follows:
Theorem 2.3.1. The partitions λ, µ are neighbours in Pd with λ < µ if and only if there
exist a pair of integers (i, j) with 1 ≤ i < j ≤ d, and such that the following two conditions
hold:
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(i) One has µ = ρi,j(λ);
(ii) one has j = i+ 1, or λi = λj .
In terms of Young diagrams we move the node from the end of j-th row of λ to the
end of its i-th row and this move is minimal with the property that we do not leave the
subset Pd ⊂ ∆d. The last minimum property is equivalent to (ii).
3. Dominance among ordered dissections and tabloids
3.1. By an ordered dissection of the integer-valued interval [1, d] = {1, 2, . . . , d}
we mean a d-tuple A = (A1, . . . , Ad) of disjoint subsets Ai ⊂ [1, d] with ∪
d
i=1Ai =
[1, d]. Sometimes, we shall think of an ordered dissection A as an infinite sequence
(A1, . . . , Ad, Ad+1, . . .), where Ak = ∅ for k > d. We denote by ∆d the set of all ordered
dissections of [1, d], and define the surjective map
ϕ: ∆d →Md, (3.1.1)
(A1, . . . , Ad)→ (|A1|, . . . , |Ad|).
3.2. Each ordered dissection A = (A1, . . . , Ad) of [1, d] with |A1| ≥ . . . ≥ |Ad| is called
tabloid. Let Td be the subset of ∆d consisting of all tabloids. Obviously, Td = ϕ
−1(Pd).
The tabloid A can be visualized by placing the elements of Ak in the k-th row of the Young
diagram (2.1.1) corresponding to the partition λ = ϕ(A) without taking into account their
order, for k = 1, . . . , t. The next figure illustrates both the tabloid A and the map ϕ:
A =
a1,1, a1,2, . . . . . . . . . a1,λ1 the component A1
a2,1, a2,2, . . . . . . a2,λ2 the component A2
...
...
at,1, . . . the component At
↓ ϕ
λ =
× × · · · · · · · · · × λ1 nodes
× × · · · · · · × λ2 nodes
...
...
× · · · λt nodes
We define a partial order on ∆d via the rule
A ≤ B if and only if ∪ik=1 Ak ⊂ ∪
i
k=1Bk, for any 1 ≤ i ≤ d,
and call it dominance order. In case A ≤ B we say that B dominates A.
For each s ∈ [1, d] and each A ∈ ∆d there exists a unique j ∈ [1, d], such that s ∈ Aj.
We set εA(s) = j. Thus, any A ∈ ∆d produces a map εA: [1, d]→ [1, d].
We introduce a partial order on the set of all maps [1, d]→ [1, d] by virtue of the rule:
α ≤ β if and only if α(s) ≤ β(s) for all s ∈ [1, d].
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For any two integers 1 ≤ i, s ≤ d, we define an operator Ri,s: ∆d → ∆d by the
formulae
Ri,s(A) =
{
(A1, . . . , Ai ∪ {s}, . . . , AεA(s)\{s}, . . . , Ad) if εA(s) > i
A if εA(s) ≤ i.
The operators Ri,s are said to be simple raising operators in ∆d. Any product R =
Ri1,s1Ri2,s2 . . . of simple raising operators is called raising operator on the set ∆d.
The action of the simple raising operator Ri,s on the tabloid A with B = Ri,sA ∈ Td
can be illustrated by the picture below:
A =
a1,1, ∗ . . . ∗ . . . ∗ ∗ a1,λ1 the component A1
...
...
ai,1, ∗ . . . ∗ . . . ai,λi the component Ai
... ր
...
aj,1, ∗ . . . ∗ s the component Aj
...
...
at,1, . . . the component At
↓ Ri,s
B =
a1,1, ∗ . . . ∗ . . . ∗ ∗ a1,λ1 the component B1
...
...
ai,1, ∗ . . . ∗ . . . ai,λi , s the component Bi
...
...
aj,1, ∗ . . . ∗ the component Bj
...
...
at,1, . . . the component Bt
It is easy to see that any two simple raising operators commute. Thus, for any i ∈ [1, d],
and for any subset X ⊂ [1, d] we can define without ambiguity Ri,X =
∏
x∈X Ri,x.
For any i ∈ [1, d], and for any finite family J = (jx)x∈X of elements of [1, d], we define
a raising operator in Nd by ρi,J =
∏
x∈X ρi,jx .
Lemma 3.2.1. (i) For any A ∈ ∆d and any raising operator R = Ri1,s1Ri2,s2 . . ., one has
the inequality εR(A) ≤ εA. If there exists a pair ik, sk with εA(sk) > ik, then εR(A) < εA;
(ii) for any subset X ⊂ [1, d], one has ϕ(Ri,XA) = ρi,εA(X)ϕ(A);
(iii) the map ϕ: ∆d →Md is a homomorphism of partially ordered sets: ϕ(A) ≤ ϕ(B)
for A ≤ B; if A ≤ B and ϕ(A) = ϕ(B), then A = B.
Proof: (i) It is enough to prove the first statement for R = Ri,s. When εA(s) ≤ i, it is
obvious. Now, let εA(s) > i; Since i = εR(A)(s) and since εA(t) = εR(A)(t) for t 6= s, then
εR(A) < εA, and we have proved both the first statement and the second statement for
R = Ri,s.
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For the second statement, we write R = R′Rik,sk . Then R(A) = R
′Rik,sk(A) and
εR(A) ≤ εRik,sk (A) < εA.
(ii) We shall use induction with respect to the number of elements in the set X . When
|X | = 1, this is trivial. Suppose |X | ≥ 2, and set X ′ = X\{s}, where s ∈ X , B = Ri,X′A,
and j = εB(s). We have
ϕ(Ri,XA) = ϕ(Ri,sRi,X′A) = ϕ(Ri,sB) = ρi,jϕ(B) =
ρi,jϕ(Ri,X′A) = ρi,jρi,εA(X′)ϕ(A).
Since s /∈ X ′, then j = εB(s) = εA(s), so part (ii) is proved.
(iii) This is a direct consequence of the definitions of the partial orders on ∆d andMd.
Lemma 3.2.2. Let A ∈ ∆d. If R = Ri1,s1Ri2,s2 . . . is a raising operator, then A ≤ R(A).
In particular, if there exists a pair ik, sk with εA(sk) > ik, then A < R(A).
Proof: Let B = R(A). We can suppose that R = Ri,s and in this case the inequality
A ≤ R(A) is obvious. Now, Lemma 3.2.1, (i), yields the statement.
3.3. Let A,B ∈ ∆d with A ≤ B, and let l = ϕ(A) and m = ϕ(B). According to
Lemma 3.2.1, (iii), the map ϕ, defined via (3.1.1), is a homomorphism of partially ordered
sets. In particular, ϕ maps the interval [A,B] into the interval [l,m]. In the next two
lemmas we begin the study of the equation ϕ(X) = n, where X ∈ [A,B], for various
n ∈ [l,m].
Lemma 3.3.1. Let A,B ∈ ∆d with A ≤ B, and let l = ϕ(A) and m = ϕ(B). Suppose
l ≤ n ≤ m, where n ∈Md. If for some i, 1 ≤ i ≤ d, one has
i− 1 = q(l, n),
then there exists a raising operator Ri,X with X ⊂ Ai+1∪ . . .∪Ad, such that A
′ = Ri,X(A)
and l′ = ϕ(A′) satisfy the conditions A < A′ ≤ B, and l < l′ ≤ n, and
i ≤ q(l′, n).
Proof: If i = d, then n = l, and we choose X to be the empty set. Now, let i < d. The
equality i− 1 = q(l, n) implies l1 = n1, . . . , li−1 = ni−1 and li < ni. Hence,
l1 + · · ·+ li < n1 + · · ·+ ni ≤ m1 + · · ·+mi.
We choose a subset X ⊂ B1∪. . .∪Bi\A1∪. . .∪Ai consisting of ni−li elements. Obviously,
X ⊂ Ai+1 ∪ . . . ∪ Ad. We set A
′ = Ri,X(A). Then l
′ = ρi,εA(X)(l), and the conditions of
the lemma are satisfied.
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Lemma 3.3.2. Let A,B ∈ ∆d with A < B, and let l = ϕ(A) ∈ Md and m = ϕ(B).
Suppose that m = ρi,j l, where 1 ≤ i < j ≤ d, and that there exist an integer r ≥ 1, and
two sequences (ik)
r
k=1 and (sκ)
r
κ=1 in the interval [1, d], such that
i = i1 < i2 < . . . < ir < j, and εA(sκ) = iκ+1, for all 1 ≤ κ ≤ r − 1, and εA(sr) > ir,
and that the components of the ordered dissections Ri1,s1 . . .Rir,srA and B coincide for
all indices in the closed interval [1, ir]. Then there exist two integers ir+1, sr+1 in [1, d],
such that ir < ir+1 ≤ j, and εA(sr+1) = ir+1, and in case ir+1 < j the components of
the ordered dissections Ri1,s1 . . .Rir+1,sr+1A and B coincide for all indices in the closed
interval [1, ir+1], or one has B = Ri1,s1 . . .Rir,srA in case ir+1 = j.
Proof: It is obvious that the elements s1, . . . , sr ∈ [1, d] are pairwise different. The
condition yields Bik = (Aik\{sk−1}) ∪ {sk} for all 2 ≤ k ≤ r, and Bi1 = Ai1 ∪ {s1}, and
Bk = Ak for all 1 ≤ k ≤ ir with k /∈ {i1, . . . , ir}.
We shall prove the following
Sublemma. (i) One has Ak = Bk for all k ∈ [ir + 1,min{εA(sr), j} − 1];
(ii) one has εA(sr) ≤ j.
Proof: When min{εA(sr), j} = ir + 1, that is, the interval [ir + 1,min{εA(sr), j} − 1] is
empty, the statement is trivial. Let min{εA(sr), j} > ir + 1. We have
Ai1 ∪ . . . ∪ Air ∪ Air+1 ⊂ Bi1 ∪ . . . ∪Bir ∪Bir+1.
Since
Bi1 ∪ . . . ∪Bir = Ai1 ∪ . . . ∪Air ∪ {sr},
and since sr /∈ Air+1, we obtain Air+1 ⊂ Bir+1. Then lir+1 = mir+1 implies Air+1 =
Bir+1. Suppose that
Air+1 = Bir+1, . . . , Ak−1 = Bk−1,
for ir+1 < k ≤ min{εA(sr), j}− 1. Then we get Ak ⊂ Bk ∪{sr}, and because of sr /∈ Ak,
we obtain Ak ⊂ Bk. Then lk = mk implies Ak = Bk. Thus, part (i) is proved by induction.
(ii) Suppose the opposite, that is, εA(sr) > j. Then, according to part (i), we have
Aj ⊂ Bj ∪ {sr}. Again sr /∈ Aj yields Aj ⊂ Bj . On the other hand, lj − 1 = mj , which is
a contradiction.
We set ir+1 = εA(sr). According to the above Sublemma, ir < ir+1 ≤ j and Ak = Bk
for all ir < k < ir+1. Thus, we have Air+1 ⊂ Bir+1 ∪ {sr}, so Air+1\{sr} ⊂ Bir+1 .
Case 1. ir+1 < j.
Since lir+1 = mir+1 , there exists an element sr+1 ∈ Bir+1 such that sr+1 /∈ Air+1\{sr},
and Bir+1 = (Air+1\{sr}) ∪ {sr+1}. Since sk ∈ Bik , we have sr+1 6= sk for 1 ≤ k ≤ r.
This implies sr+1 /∈ Air+1 ; hence εA(sr+1) > ir+1. Having this information, it is not hard
to check that the components of the ordered dissections B and Ri1,s1 . . .Rir,srRir+1,sr+1A
coincide for all indices in the closed interval [1, ir+1].
Case 2. ir+1 = j.
Since lj − 1 = mj , then Aj\{sr} = Bj, so the components of the ordered dissections
Ri1,s1 . . .Rir,srA and B coincide for all indices in the closed interval [1, j]. Now, we shall
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prove that Bk = Ak for all j + 1 ≤ k ≤ d. We have ∪
j
k=1Ak = ∪
j
k=1Bk, so Aj+1 ⊂ Bj+1.
Therefore the equality lj+1 = mj+1 gives Aj+1 = Bj+1. Obvious induction finishes the
proof.
3.4. We say that l ∈ Md and m ∈ Md are adjacent with l < m if m = ρi,jl for
some pair of integers (i, j) with 1 ≤ i < j ≤ d. Given A, B ∈ ∆d, we set l = ϕ(A) and
m = ϕ(B). The ordered dissections A and B are called adjacent with A < B if A < B,
and l and m are adjacent (with l < m). The ordered dissections A and B are said to be
strongly adjacent with A < B if B = Ri,sl for some pair i, s ∈ [1, d] such that εA(s) > i.
According to Lemma 3.2.1, (ii), if A and B are strongly adjacent in ∆d with A < B, then
A and B are adjacent. The converse statement is not true. The situation is clarified in
the next theorem.
Theorem 3.4.1. Let A,B ∈ ∆d be adjacent with A < B, and let l = ϕ(A) ∈ Md and
m = ϕ(B). Suppose that m = ρi,j l, where 1 ≤ i < j ≤ d. Then there exist an integer
r ≥ 1, and two sequences (ik)
r+1
k=1 and (sκ)
r
κ=1 in the interval [1, d], such that
i = i1 < i2 < . . . < ir+1 = j, and εA(sκ) = iκ+1 for all 1 ≤ κ ≤ r,
and that B = Ri1,s1 . . .Rir,srA.
Proof: We apply several times Lemma 3.3.2. In order to begin, we note that q(l,m) =
i − 1, and use Lemma 3.3.1 in case n = m, thereby producing the first pair (i1, s1) with
i1 = i, and εA(s1) > i. It is obvious that the components of the ordered dissections B and
Ri1,s1A coincide for all indices in the interval [1, i1].
Theorem 3.4.2. Let A,B ∈ ∆d with A ≤ B, and let l = ϕ(A) ∈Md andm = ϕ(B) ∈Md.
For any n ∈ Md with l ≤ n ≤ m, and q(l, n) = q, there exists a raising operator of the
type R = Rd,Xd . . .Rq+1,Xq+1 with Xk ⊂ Ak+1 ∪ . . . ∪ Ad, such that A
′ = R(A) satisfies
the conditions A ≤ A′ ≤ B, and ϕ(A′) = n.
Proof: We shall use induction with respect to q = q(l, n). If q = d, then l = n and
the ordered dissection A′ = R(A) = A for the trivial operator R = Rd,XdRd+1,Xd+1 ,
Xd = Xd+1 = ∅, works. Suppose that if i ≤ q ≤ d, then there exists a raising operator of the
type R = Rd,Xd . . .Rq+1,Xq+1, such that A
′ = R(A) satisfies the conditions A ≤ A′ ≤ B,
and ϕ(A′) = n. If q = i− 1, then Lemma 3.3.1 yields the existence of a raising operator of
the type R′′ = Ri,Xi withXi ⊂ Ai+1∪. . .∪Ad, such that A
′′ = R′′(A), and l′′ = ρi,εA(Xi)(l),
satisfy the conditions l < l′′ ≤ n, and i ≤ q(l′′, n) ≤ d, and A < A′′ ≤ B, and ϕ(A′′) = l′′.
Hence, there exists a raising operator
R′ = Rd,Xd . . .Ri+1,Xi+1 ,
such that A′ = R′(A′′) satisfies the conditions A′′ < A′ ≤ B, and ϕ(A′) = n. Since
A′ = R(A) for
R = R′R′′ = Rd,Xd . . .Ri+1,Xi+1Ri,Xi = Rd,Xd . . .Rq+1,Xq+1,
the induction is done.
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Theorem 3.4.3. (i) Let A,B ∈ ∆d with A < B. Let l = ϕ(A) and m = ϕ(B). Then the
restriction ϕ1 of the map ϕ on the interval [A,B] in ∆d is a surjection
ϕ1: [A,B]→ [l,m],
and one has ϕ−11 ((l,m)) = (A,B);
(ii) let A,B ∈ Td with A ≤ B. Let λ = ϕ(A) and µ = ϕ(B). Then the restriction ϕ2
of the map ϕ on the interval [A,B] in Td is a surjection
ϕ2: [A,B]→ [λ, µ],
and one has ϕ−12 ((λ, µ)) = (A,B);
Proof: (i) The surjectivity of ϕ1 is a consequence of Theorem 3.4.2. The inclusion
ϕ−11 ((l,m)) ⊂ (A,B) is obvious. Suppose that A < C < B. Then the assumption that
ϕ(C) = l, or ϕ(C) = m leads to a contradiction with Lemma 3.2.1, (iii).
(ii) If C ∈ Md with ϕ(C) ∈ Pd, then C ∈ Td, so part (i) assures that the map ϕ2 is
surjective. The rest of the proof is identical to that of part (i).
Theorem 3.4.4. If A,B ∈ ∆d then A ≤ B if and only if there exists a raising operator
R such that B = R(A).
Proof: The “if” part follows from Lemma 3.2.2. Now, let A,B ∈ ∆d, A ≤ B, with
l = ϕ(A) and m = ϕ(B). In case A = B we choose R to be the trivial operator. Now,
let A < B. We apply Theorem 3.4.2 in the particular case n = m to produce a raising
operator R such that the ordered dissection A′ = R(A) satisfies A ≤ A′ ≤ B, and ϕ(A′) =
m = ϕ(B). Then Lemma 3.2.1, (iii), yields that B = A′ = R(A).
3.5. Here we find necessary and sufficient conditions for two ordered dissections, or
for two tabloids to be neighbours with respect to the partial orders on ∆d and on Td,
respectively (see Appendix A).
Theorem 3.5.1. (i) The ordered dissections A,B ∈ ∆d are neighbours in ∆d with A < B,
if and only if there exist i ∈ [1, d] and s ∈ [1, d], such that εA(s) = i+ 1 and B = Ri,s(A);
(ii) the tabloids A,B ∈ Td are neighbours in Td with A < B, if and only if there exist
a pair of integers (i, j) with 1 ≤ i < j ≤ d, an integer r ≥ 1, and two sequences (ik)
r+1
k=1
and (sκ)
r
κ=1 in the interval [1, d], such that:
j = i+ 1 or |Ai| = |Aj|, (3.5.2)
and
i = i1 < i2 < . . . < ir+1 = j, and εA(sκ) = iκ+1, for all 1 ≤ κ ≤ r, (3.5.3)
and that
B = Ri1,s1 . . .Rir,srA. (3.5.4)
Proof: (i) We set l = ϕ(A), and m = ϕ(B). Suppose that the pair A,B ∈ ∆d is such
that B = Ri,s(A) with εA(s) = i + 1. Then Lemma 3.2.1, (ii), yields m = ρi,i+1l. Hence,
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according to Theorem 2.2.2 we have that l and m are neighbours with l < m, and now
Theorem 3.4.3, (i), yields that A and B are neighbours in ∆d with A < B.
Assume that A,B ∈ ∆d are neighbours in ∆d with A < B. Theorem 3.4.3, (i), implies
that l and m are neighbours in Md with l < m. Then, due to Theorem 2.2.2 there exist
an integer 1 ≤ i < d, such that m = ρi,i+1l, and Theorem 3.4.1 yields the existence of an
element s ∈ [1, d] with εA(s) = i+ 1 and B = Ri,sA.
(ii) Suppose that A,B ∈ Td are neighbours in Td with A < B. Denote λ = ϕ(A) and
µ = ϕ(B). Theorem 3.4.3, (ii), implies that the partitions λ and µ are neighbours in Pd
with λ < µ. Due to Theorem 2.3.1, there is a pair of integers (i, j) with 1 ≤ i < j ≤ d, and
such that µ = ρi,jλ. Therefore, according to Theorem 3.4.1, there exist an integer r ≥ 1,
and two sequences (ik)
r+1
k=1 and (sκ)
r
κ=1 in the interval [1, d], such that (3.5.3) and (3.5.4)
hold. Moreover, Theorem 2.3.1 yields (3.5.2).
Conversely, suppose that the conditions (3.5.2) – (3.5.4) are satisfied. Applying the
map ϕ on the equality (3.5.4), we obtain
µ = ϕ(B) = ρi1,i2 . . . ρir,ir+1ϕ(A) = ρi,jλ.
Therefore Theorem 2.3.1 assures that the partitions λ and µ are neighbours in Pd with
λ < µ. Now, according to Theorem 3.4.3, (ii), the tabloids A and B are neighbours in Td
with A < B.
The next picture illustrates Theorem 3.5.1, (ii), case j > i + 1, when there exists
a sequence of “virtual substitutions” which starting with A produces B. Here “virtual”
means that during the intermediate steps we leave the set Td of tabloids.
A =
a1,1, a1,2, ∗ ∗ . . . ∗ ∗ ∗ a1,λ1 A1
...
...
i = i1 ai,1, ai,2, ∗ ∗ . . . ∗ ai,λi Ai
...
...
ir ∗ ∗ ∗ ∗ . . . ∗ ∗ Air
... տ
j = ir+1 aj,1, ∗ ∗ sr, . . . ∗ aj,λj Aj
...
...
at,1, . . . At
↓ Rir,sr
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a1,1, a1,2, ∗ ∗ . . . ∗ ∗ ∗ a1,λ1 A1
...
...
i = i1 ai,1, ai,2, ∗ ∗ . . . ∗ ai,λi Ai
...
...
ir−1 ∗ ∗ ∗ ∗ . . . ∗ ∗ Air−1
... ր
...
ir ∗ sr, sr−1, ∗ . . . ∗ ∗ ∗ Air ∪ {sr}
...
j = ir+1 aj,1, ∗ ∗ sˆr, . . . aj,λj Aj\{sr}
...
...
at,1, . . . At
↓ Rir−1,sr−1
...
↓
B =
a1,1, a1,2, ∗ ∗ . . . ∗ ∗ ∗ a1,λ1 A1
...
...
i = i1 ai,1, ai,2, ∗ ∗ . . . ∗ ai,λi , s1 Ai ∪ {s1}
...
...
j = ir+1 aj,1, ∗ ∗ sˆr, . . . aj,λj Aj\{sr}
...
...
at,1, . . . At
(The hat over a number stands for absence of that number.)
4. The model
4.1. The symmetric group Sd acts on the set ∆d of all ordered dissections of [1, d] by
the rule (1.1.1). Let W ≤ Sd be a subgroup of the symmetric group Sd. Then the group
W acts on the set ∆d via the same rule. We denote by ∆d;W the factor-set W\∆d and
by Td;W — the factor-set W\Td. Let ψW : ∆d → ∆d;W be the natural surjection. For any
A ∈ ∆d we denote by OW (A) itsW -orbit in ∆d, so ψW (A) = OW (A). Since ϕ(σA) = ϕ(A)
for any A ∈ ∆d and for any σ ∈W , the map ϕ factors out to a map ϕW : ∆d;W →Md.
Lemma 4.1.1. If A, B ∈ ∆d are neighbours in ∆d with A < B and if ζA ≤ B, then
ζA < B, and the ordered dissections ζA and B are neighbours in ∆d.
Proof: The equalities ζA = B, ϕ(ζA) = ϕ(B), together with Lemma 3.2.1, (iii), yield
A = B which is a contradiction. Hence ζA < B. According to Theorem 3.5.1, (i), the
fact that A and B are neighbours implies B = Ri,sA for some i ∈ [1, d] and s ∈ [1, d] with
εA(s) = i+1. Then, using Lemma 3.2.1, (ii), we obtain ϕ(B) = ϕ(Ri,sA) = ρi,i+1(ϕ(A)) =
ρi,i+1(ϕ(ζA)). Now, we apply Lemma 3.3.2 for the pair ζA and B, and get the existence
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of an integer s1 ∈ [1, d] with εA(s1) = i+1, such that B = Ri,s1(ζA). The neighbourhood
of ζA and B follows from Theorem 3.5.1, (i).
Let a, b ∈ ∆d;W , and A ∈ a, B ∈ b. We define a partial order ≤ on the factor-set
∆d;W via the rule:
a ≤ b if and only if there exists a σ ∈W, such that σA ≤ B.
Theorem 4.1.2. (i) Let a, b ∈ ∆d;W , and A ∈ a, B ∈ b with A ≤ B. Then the restriction
ψ1 of the map ψW on the union of the intervals [σA,B], σ ∈W , in ∆d, is a surjection
ψ1:∪σ∈W [σA,B]→ [a, b]
onto the interval [a, b] in ∆d;W , and one has ψ
−1
1 ((a, b)) = ∪σ∈W (σA,B);
(ii) let a, b ∈ Td;W , and A ∈ a, B ∈ b with A ≤ B. Then the restriction ψ2 of the
map ψW on the union of the intervals [σA,B], σ ∈W , in Td, is a surjection
ψ2:∪σ∈W [σA,B]→ [a, b]
onto the interval [a, b] in Td;W , and one has ψ
−1
2 ((a, b)) = ∪σ∈W (σA,B);
Proof: (i) By definition a ≤ b. Suppose that a ≤ c ≤ b, where c ∈ ∆d;W and let C ∈ c.
There exist σ, τ ∈ W , such that σA ≤ C and τC ≤ B. Then τσA ≤ τC ≤ B and
ψ1(τC) = c, so the surjectivity of the map ψ1 is proved. Assume that σA < C < B, for
some σ ∈ W , and some C ∈ ∆d. By definition, a ≤ c ≤ b, where c = ψ1(C). If a = c, or
c = b, then τC < C, or τB < B, respectively, for an appropriate τ ∈ W , which contradicts
to Lemma 3.2.1, (iii). Therefore ∪σ∈W (σA,B) ⊂ ψ
−1
1 ((a, b)), and part (i) holds.
(ii) We note that c ∈ Td;W , and C ∈ c, where C ∈ ∆d, yield C ∈ Td. Thus, the proof
of part (i) holds in this case, too.
4.2. It is said that a, b ∈ ∆d;W are adjacent with a < b if there exist A ∈ a, and B ∈ b,
which are adjacent with A < B. In other words, there exists a pair of integers (i, j) with
1 ≤ i < j ≤ d, and such that ϕW (b) = ρi,j(ϕW (a)).
Theorem 4.2.1. The elements a, b ∈ ∆d;W are adjacent with a < b, if and only if there
exist A ∈ a, and B ∈ b, with A < B, and there exist a pair of integers (i, j) with
1 ≤ i < j ≤ d, an integer r ≥ 1, and two sequences (ik)
r+1
k=1 and (sκ)
r
κ=1 in the interval
[1, d], such that:
i = i1 < i2 < . . . < ir+1 = j, and εA(sκ) = iκ+1, for all 1 ≤ κ ≤ r,
and that
B = Ri1,s1 . . .Rir,srA. (4.2.2)
Proof: The necessity holds because of Theorem 3.4.1. For the converse statement we
apply the map ϕ on the equality (4.2.2) and obtain ϕ(B) = ρi,j(ϕ(A)). Hence a and b are
adjacent with a < b.
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Theorem 4.2.3. (i) The elements a, b ∈ ∆d;W are neighbours in ∆d;W with a < b, if and
only if there exist A ∈ a, and B ∈ b, with A < B, and there exist i ∈ [1, d] and s ∈ [1, d],
such that εA(s) = i+ 1 and B = Ri,s(A);
(ii) the elements a, b ∈ Td;W are neighbours in Td;W with a < b, if and only if there exist
A ∈ a, and B ∈ b, with A < B, and there exist a pair of integers (i, j) with 1 ≤ i < j ≤ d,
an integer r ≥ 1, and two sequences (ik)
r+1
k=1 and (sκ)
r
κ=1 in the interval [1, d], such that:
j = i+ 1 or |Ai| = |Aj|,
and
i = i1 < i2 < . . . < ir+1 = j, and εA(sκ) = iκ+1, for all 1 ≤ κ ≤ r,
and that B = Ri1,s1 . . .Rir,srA.
Proof: Using Lemma 4.1.1, and Theorem 4.1.2, (i) (respectively (ii)), we get that a and
b are neighbours in ∆d;W (respectively, in Td;W ) with a < b if and only if A and B are
neighbours in ∆d (respectively, in Td) with A < B. Then Theorem 3.5.1, (i) (respectively
(ii)), finishes the proof of part (i) (respectively, of part (ii)).
5. Counting of isomers
5.1. The set Td can be stratified using the fibres Tλ = ϕ
−1(λ) of the map ϕ:Td → Pd,
where λ runs through the set Pd. Clearly, Tλ is the set of all tabloids of shape λ. Since
the symmetric group Sd is d-transitive on [1, d], the set of fibres Tλ, λ ∈ Pd, coincides with
the set Sd\Td of Sd-orbits in Td.
The orbit Tλ contains the tabloid I with components I1 = [1, λ1], I2 = [λ1 + 1, λ1 +
λ2], . . ., and its stabilizer is the subgroup Sλ = Sλ1 × · · · × Sλd ≤ Sd. Thus
Sd/Sλ ≃ Tλ, (5.1.1)
υSλ 7→ υI,
is an isomorphism of Sd-sets.
Let us fix a Sd-orbit Tλ and consider the action of the permutation group W ≤ Sd on
Tλ, which is induced by the action (1.1.1) of Sd. Let us denote by Tλ;W the orbit space
W\Tλ. Then the isomorphism (5.1.1) of Sd-sets can also be considered as an isomorphism
of W -sets, and moreover, it factors out to a bijection
W\Sd/Sλ ≃ Tλ;W ,
WυSλ 7→ υI,
between the set of double cosets of Sd modulo (W,Sλ), and the set of W -orbits in Tλ.
Let A = υI ∈ Tλ. The stabilizer WA of A in the group W consists of all σ ∈ W such
that υ−1συ ∈ Sλ, or, equivalently, σ ∈ υSλυ
−1. Hence WA =W ∩ υSλυ
−1.
We fix a one-dimensional character χ:W → K and a one-dimensional character
θ:Sλ → K. For a given υ ∈ Sd, and A = υI, the rule
βυ:WA → K, (5.1.2)
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βυ(σ) = χ(σ)θ(υ
−1συ),
defines a one-dimensional character of the stabilizer WA.
If B = τA for some τ ∈W , then B = τυI andWB = τWAτ
−1. For the corresponding
one-dimensional character βτυ:WB → K, we have
βτυ(τστ
−1) = χ(τστ−1)θ(υ−1τ−1τστ−1τυ) = βυ(σ),
where σ ∈WA. Therefore, given a W -orbit a ∈ Tλ;W , the statements
“βυ(σ) = 1 for any σ ∈WA” (5.1.3)
are simultaneously true or false regardless of the representative A = υI ∈ a. We denote by
Tλ;χ,θ the subset of Tλ;W consisting of those W -orbits a for which the statement (5.1.3) is
true for some representative A = υI ∈ a, and call them (χ, θ)-orbits of the group W . In
particular, Tλ;1W ,1Sλ = Tλ;W .
In case θ = 1Sλ for all λ ∈ Pd, the (χ, θ)-orbits of the group shall be called simply
χ-orbits of the group W . Thus the χ-orbits are those W -orbits a ∈ Td for which there
exists a tabloid A ∈ a such that the character χ is identically 1 on its stabilizer WA (see
(5.1.3)). Then the last condition holds for all tabloids A ∈ a. We set Tλ;χ = Tλ;χ,1Sλ , and
Td;χ = ∪λ∈PdTλ;χ.
We introduce the following families of non-negative integers: nλ;χ,θ = |Tλ;χ,θ|, nλ;χ =
|Tλ;χ|, and nλ;W = |Tλ;W |, where λ ∈ Pd. Note that nλ;χ = nλ;χ,1Sλ , and nλ;W = nλ;1W =
nλ;1W ,1Sλ .
5.2. Now, our aim is to find an explicit formula for the number nλ;χ,θ of (χ, θ)-orbits
of the groupW in the set Tλ, where λ ∈ Pd. We shall use terminology, notation and results
from [4] and [7].
For any finite set X we denote by |X | the number of its elements. For a partition
λ ∈ Pd we shall use also the notation (1
m1 , 2m2 , . . . , dmd), where mk is the number of the
parts of λ, which are equal to k, 1 ≤ k ≤ d. Given a permutation ζ ∈ Sd, we denote by
̺(ζ), and also, by (1c1(ζ), 2c2(ζ), . . . , dcd(ζ)) the corresponding partition of the number d.
We set
C(W,Sλ) = {(σ, η) ∈ W × Sλ | ̺(σ) = ̺(η)}.
Let t be the length of the partition λ. Then Sλ = Sλ1 × · · · × Sλt , so any η ∈ Sλ has the
form η = η1 . . . ηt, where ηk ∈ Sλk . Thus ̺(η) = ̺(η1) ∪ . . . ∪ ̺(ηt), where ̺(ηk) ∈ Pλk .
The one-dimensional character θ has a unique decomposition θ = θ1 . . . θt, where θk
is either the signature or the unit character of Sλk . We set
Lλ = {(α, α
(1), . . . , α(t)) ∈ Pd × Pλ1 × · · · × Pλt | α = α
(1) ∪ . . . ∪ α(t)},
and define a map
γ1:W × Sλ1 × · · · × Sλt → Pd × Pλ1 × · · · × Pλt ,
(σ, η1 . . . , ηt) 7→ (̺(σ), ̺(η1), . . . , ̺(ηt)).
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Then C(W,Sλ) = γ
−1
1 (Lλ). Let L
′(W,Sλ) ⊂ Lλ be the image of C(W,Sλ) via the map γ1.
The restriction of γ1 on C(W,Sλ) is a surjective map
γ:C(W,Sλ)→ L
′(W,Sλ).
If (α, α(1), . . . , α(t)) ∈ L′(W,Sλ), then
γ−1(α, α(1), . . . , α(t)) =Wα ×Kα(1) × · · · ×Kα(t) , (5.2.1)
where Wα is the subset of the group W , consisting of all permutations of cyclic type α,
and Kα(k) is the conjugacy class in Sλk , corresponding to the partition α
(k) ∈ Pλk . The
set Wα is a union of conjugacy classes of the group W :
Wα = C
(α)
1 ∪ . . . ∪ C
(α)
iα
. (5.2.2)
We set
L(W,Sλ) = L
′(W,Sλ)\{((1), (1), . . . , (1))}. (5.2.3)
Let hλ = hλ1hλ2 . . ., where hλk is the λk-th complete symmetric function (see [4, Ch.
I, Sec. 2]).
Lemma 5.2.4. Let W ≤ Sd be a permutation group and χ:W → K be a one-dimensional
character.
(i) The characteristic of the induced monomial representation IndSdW (χ) is equal to
the generalized cyclic index
Z(χ; p1, . . . , pd) =
1
|W |
∑
σ∈W
χ(σ)p
c1(σ)
1 . . . p
cd(σ)
d ,
where ps = x
s
0 + x
s
1 + · · · are the power sums;
(ii) one has nλ;χ,θ = 〈Ind
Sd
W (χ), Ind
Sd
Sλ
(θ)〉Sd ;
(iii) one has nλ;χ = 〈Z(χ; p1, . . . , pd), hλ〉;
(iv) if Z(χ; p1, . . . , pd) =
∑
λ∈Pd
aλmλ, where mλ are the monomial symmetric func-
tions, then aλ = nλ;χ.
Proof: (i) Let ψ be the map which assigns to each substitution ζ ∈ Sd the symmetric
function p̺(ζ) (see [4, Ch. I, Sec. 7]). According to Frobenius reciprocity law, we have
ch(IndSdW (χ)) = 〈Ind
Sd
W (χ), ψ〉Sd =
〈χ,ResSdW (ψ)〉W = Z(χ; p1, . . . , pd).
(ii) Using Frobenius reciprocity law and [7, Ch. II, 7.4, Proposition 15], we have
〈IndSdW (χ), Ind
Sd
Sλ
(θ)〉Sd = 〈χ,Res
Sd
W Ind
Sd
Sλ
(θ)〉Sd =
〈χ,
∑
υ∈Υ
IndWWυ(θυ)〉W ,
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where Υ is a system of representatives of the double cosets of Sd modulo (W,Sλ), and θυ
is the one-dimensional character of the group W ∩ υSλυ
−1 given by the formula θυ(x) =
θ(υ−1xυ). Further,
〈IndSdW (χ), Ind
Sd
Sλ
(θ)〉Sd =
∑
υ∈Υ
〈χ, IndWWυ(θυ)〉W =
∑
υ∈Υ
〈ResWWυ(χ), θυ〉Wυ = |{υ ∈ Υ | Res
W
Wυ
(χ) = θυ}|.
Since θ2 = 1, then
{υ ∈ Υ | ResWWυ (χ) = θυ} = {υ ∈ Υ | βυ(σ) = 1 for any σ ∈Wυ}.
Therefore, using the isomorphism (5.1.1) of W -sets we get
〈IndSdW (χ), Ind
Sd
Sλ
(θ)〉Sd = nλ;χ,θ.
(iii) Indeed, the characteristic map ch is an isometric isomorphism of rings (see [4,
Ch. I, Sec. 7, 7.3]), so in particular,
〈IndSdW (χ), Ind
Sd
Sλ
(1Sλ)〉Sd = 〈ch(Ind
Sd
W (χ)), ch(Ind
Sd
Sλ
(1Sλ))〉.
Evidently, ch(IndSdSλ(1Sλ)) = hλ. According to Lemma 5.2.4, (i), we have
ch(IndSdW (χ)) = Z(χ; p1, . . . , pd).
Therefore
nλ;χ = nλ;χ,1Sλ = 〈Ind
Sd
W (χ), Ind
Sd
Sλ
(1Sλ)〉Sd = 〈Z(χ; p1, . . . , pd), hλ〉.
(iv) Using part (iii) we obtain
nλ;χ = 〈
∑
α∈Pd
aαmα, hλ〉 =
∑
λ∈Pd
aα〈mα, hλ〉 = aλ.
The last equality holds because of [4, Ch. I, Sec. 4, 4.5].
Theorem 5.2.5. Let W , W ′ ≤ Sd be two permutation groups. Then the following four
statements are equivalent:
(i) One has nW ;λ = nW ′;λ for all λ ∈ Pd;
(ii) one has
Z(1W ; p1, . . . , pd) = Z(1W ′ ; p1, . . . , pd);
(iii) the induced monomial representations IndSdW (1W ), and Ind
Sd
W ′(1W ′), of the sym-
metric group Sd, are isomorphic;
(iv) there exists a one-one correspondence between the groups W and W ′, such that
the corresponding permutations have the same type of cycle decomposition.
Proof: Lemma 5.2.4, (i) and (iv), applied for 1W , and 1W ′ , and [4, Ch. I, Sec. 7, 7.3])
yield the equivalence of (i), (ii), and (iii). It is easily seen that the equality of cyclic indices
in (ii) is equivalent to (iv).
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Remark 5.2.6. According to [3, IV], two permutation groups W , W ′ ≤ Sd which satisfy
(iv) are said to be literally conformal. In [5, Ch. I, Sec. 25], it is shown that each of (ii)
and (iv) is equivalent to the so called combinatorial equivalence of W and W ′.
For any λ ∈ Pd, λ = (1
m1 , 2m2 , . . . , dmd), we set zλ = 1
m1m1!2
m2m2! . . . d
mdmd!.
Theorem 5.2.7. One has
nλ;χ,θ =
d!
|W |λ1! . . . λd!
+
1
|W |
∑
(α,α(1),...,α(t))∈L(W,Sλ)
(
iα∑
i=1
|C
(α)
i |χ(C
(α)
i ))
zα
zα(1) . . . zα(t)
θ1(Kα(1)) . . . θt(Kα(t)).
Proof: The characteristic map ch is an isometry, and Lemma 5.2.4, (i), holds, so
〈IndSdW (χ), Ind
Sd
Sλ
(θ)〉Sd = 〈ch(Ind
Sd
W (χ)), ch(Ind
Sd
Sλ
(θ))〉 =
〈Z(χ; p1, . . . , pd), Z(θ; p1, . . . , pd)〉 = 〈
1
|W |
∑
σ∈W
χ(σ)p̺(σ),
1
|Sλ|
∑
η∈Sλ
θ(η)p̺(η)〉 =
1
|W ||Sλ|
∑
σ∈W
∑
η∈Sλ
χ(σ)θ(η)〈p̺(σ), p̺(η)〉.
According to [4, Ch. I, Sec. 4, 4.7], we obtain
〈IndSdW (χ), Ind
Sd
Sλ
(θ)〉Sd =
1
|W ||Sλ|
∑
(σ,η)∈C(W,Sλ)
χ(σ)θ(η)z̺(σ). (5.2.8)
Further, we use the partition of the set C(W,Sλ) into the fibres of the surjective map γ,
as well as their representation (5.2.1). Thus, we have
〈IndSdW (χ), Ind
Sd
Sλ
(θ)〉Sd =
1
|W ||Sλ|
∑
(α,α(1),...,α(t))∈L′(W,Sλ)
∑
(σ,η1,...,ηt)∈Wα×Kα(1)×···×Kα(t)
χ(σ)θ1(η1) . . . θt(ηt)zα =
1
|W |λ1! . . . λt!
∑
(α,α(1),...,α(t))∈L′(W,Sλ)
(
iα∑
i=1
|C
(α)
i |χ(C
(α)
i ))
l∏
k=1
λk!
zα(k)
θk(Kα(k))zα =
1
|W |
∑
(α,α(1),...,α(t))∈L′(W,Sλ)
(
iα∑
i=1
|C
(α)
i |χ(C
(α)
i ))
zα
zα(1) . . . zα(t)
θ1(Kα(1)) . . . θt(Kα(t)) =
d!
|W |λ1! . . . λd!
+
24
1|W |
∑
(α,α(1),...,α(t))∈L(W,Sλ)
(
iα∑
i=1
|C
(α)
i |χ(C
(α)
i ))
zα
zα(1) . . . zα(t)
θ1(Kα(1)) . . . θt(Kα(t)).
In the last two equalities we make use of (5.2.2) and (5.2.3). Now, Lemma 5.2.4, (ii), yields
the result.
The specialization χ = 1W , and θ = 1Sλ , in Theorem 5.2.7 entails
Corollary 5.2.9. One has
nλ;W =
d!
|W |λ1! . . . λd!
+
1
|W |
∑
(α,α(1),...,α(t))∈L(W,Sλ)
|Wα|
zα
zα(1) . . . zα(t)
.
Corollary 5.2.10 (Ruch’s formula). One has
nλ;W =
n!
|W ||Sλ|
∑
α∈Pd
|Wα||(Sλ)α|
|Kα|
.
Proof: Using the equality (5.2.8) for χ = 1W , and θ = 1Sλ , we have
nλ;W =
1
|W ||Sλ|
∑
(σ,η)∈C(W,Sλ)
z̺(σ) =
1
|W ||Sλ|
∑
α∈Pd
∑
(σ,η)∈W×Sλ,̺(σ)=̺(η)=α
zα =
1
|W ||Sλ|
∑
α∈Pd
|Wα||(Sλ)α|zα =
n!
|W ||Sλ|
∑
α∈Pd
|Wα||(Sλ)α|
|Kα|
.
Remark 5.2.11. Let Γ and ∆ be two graphs with d vertices, and with automorphism
groups W and Sλ, respectively. The number calculated in Theorem 5.2.7 coincides with
the number of superpositions of Γ and ∆, such that the one-dimensional character (5.1.2)
is identically 1 on their stabilizers (that is, their automorphism groups). The last number
can also be obtained by an appropriate generalization of Redfield’s superposition theorem
(see [1]).
5.3. Here we shall consider the family of non-negative integers nλ;χ = |Tλ;χ|, λ ∈ Pd.
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Theorem 5.3.1. Let χ be a one-dimensional character χ of the group W ≤ Sd, and let
λ, µ ∈ Pd. If λ ≤ µ, then nλ;χ ≥ nµ;χ.
Proof: According to Lemma 5.2.4, (iii), we have nλ;χ−nµ;χ = 〈Z(χ; p1, . . . , pd), hλ−hµ〉.
Then [4, Ch. I, Sec. 7, Example 9 (b)] implies that the difference hλ − hµ is a non-
negative integral linear combination of the Schur functions sν , ν ∈ Pd. On the other hand,
Z(χ; p1, . . . , pd) is the characteristic of the induced monomial representation Ind
Sd
W (χ), so
it also is a linear combination of sν with non-negative integral coefficients. Therefore the
above scalar product is non-negative.
The specialization χ = 1W yields
Corollary 5.3.2. If λ, µ ∈ Pd, and λ ≤ µ, then nλ;W ≥ nµ;W .
5.4. Below, Lemma 5.4.3 for I = Td gives a combinatorial interpretation of the set
Td;χ of all χ-orbits. We shall work in a more general setup.
Let W be a finite group which acts on a set I. For each element i ∈ I we denote by
Wi its stabilizer in W . Let χ be a one-dimensional character of the group W with kernel
H ≤W .
Lemma 5.4.1. The following statements hold:
(i) The inclusion Wi ≤ H, and the equality |Wi : Hi| = 1 are equivalent for any i ∈ I;
(ii) if O is a W -orbit in I, then all H-orbits in O have the same number of elements,
and their number is a divisor of the index |W : H|.
Proof: (i) It is enough to note that Hi = H ∩Wi.
(ii) Let i ∈ O. Since H is a normal subgroup of W , then σHiσ
−1 ≤ H for all σ ∈W .
Therefore |H : Hσi| = |H : σHiσ
−1| = |H : Hi|, that is, each H-orbit in O has the same
number of elements. Then using the equality
|W : H||H : Hi| = |W :Wi||Wi : Hi|, (5.4.2)
where i ∈ I, we obtain immediately that the number of H-orbits in O is a divisor of
|W : H|.
If O is a W -orbit in I, and if one has Wi ≤ H for some i ∈ O (and, hence, for all
i ∈ O), then O is said to be a χ-orbit.
Lemma 5.4.3. The following two statements are equivalent:
(i) The W -orbit O is a χ-orbit;
(ii) the W -orbit O contains exactly |W : H| in number H-orbits;
(iii) the W -orbit O contains maximum number H-orbits.
Proof: Let O be a χ-orbit. The equality (5.4.2) and Lemma 5.4.1, (i), yield |W : H||H :
Hi| = |O| for i ∈ O. Because of Lemma 5.4.1, (ii), the indices |H : Hi| do not depend
on i ∈ O and all are equal to the number of elements of any H-orbit in O. Therefore
(ii) holds. Conversely, suppose that the W -orbit O contains exactly |W : H| in number
H-orbits, and let i ∈ O. Lemma 5.4.1, (ii), implies |W : Wi| = |O| = |W : H||H : Hi|.
Comparing with (5.4.2), we obtain |Wi : Hi| = 1. Due to Lemma 5.4.1, (i), O is a χ-orbit.
Finally, Lemma 5.4.1, (ii), yields that part (iii) is equivalent to part (ii).
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6. First applications
6.1. Now, we apply Corollary 5.2.9 to obtain Kauffmann formulae for the number of
the derivatives of naphthalene, C10H8.
The group of substitution isomerism of naphthalene is the subgroup G of S8, consisting
of the elements
(1), (12)(34)(56)(78), (13)(24)(57)(68), (14)(23)(58)(67)
(see [3, IX, D]). The unit (1) of G produces the term 14
8!
λ1!...λ8!
. The other 3 elements of G
have cyclic structure (24), so |G(24)| = 3.
Suppose that the set L (G, Sλ) contains an element (α, α
(1), . . . , α(t)) with α = (24).
Then α is to be the cyclic type of an element of Sλ = Sλ1 × · · · × Sλt ≤ S8, where t is the
length of the partition λ of 8.
In case at least one of the components λk is odd, we establish a contradiction, so in
this case
nλ;G =
1
4
8!
λ1! . . . λ8!
.
In the rest of the cases, all components λk have to be even, so λ = (2µ1, 2µ2, . . . , 2µt),
where µ = (µ1, µ2, . . . , µt) is a partition of 4. Now,
L (W,Sλ) = {((2
4), (2µ1), (2µ2), . . . , (2µt))}
and
nλ;G =
1
4
8!
λ1! . . . λ8!
+
1
4
|W(24)|
z(24)
z(2µ1 )z(2µ2) . . .
=
1
4
8!
λ1! . . . λ8!
+
3
4
244!
2µ1µ1!2µ2µ2! . . .
=
1
4
8!
λ1! . . . λ8!
+
3
4
4!(
λ1
2
)
!
(
λ2
2
)
! . . .
.
Thus, we have obtained Kauffmann formulae.
6.2. This subsection is devoted to chiral pairs. Let Σ be a skeleton with d unsatisfied
single valences. Suppose that among the substitution derivatives of a given parent sub-
stance with skeleton Σ there is an chiral pair. Then according to Lunn-Senior Thesis 1.5.1,
(2a), the group G′ ≤ Sd of stereoisomerism contains the group G of substitution isomerism
as a subgroup of index 2. In particular, G is a normal subgroup of G′. Let χe:G
′ → K
be the one-dimensional complex valued character with kernel G. We have χe(σ) = 1 for
σ ∈ G and χe(σ) = −1 for σ ∈ G
′\G. Lemma 5.4.1, (ii), for I = Td and W = G
′ implies
that each G′-orbit O contains either two or one G-orbit. Lunn-Senior Thesis 1.5.1, part
(2ae), and part (2ad), makes the corresponding identifications with the chiral pairs, and
with the diastereomers, respectively. Lemma 5.4.3 applied for I = Td and W = G
′ shows
that the set Td;χe of χe-orbits contains the chiral pairs. In particular, part (2a) of the
Extended Lunn-Senior Thesis 1.6.1 is justified.
Now, as a direct consequence of Theorem 5.3.1 for W = G′ and χ = χe, we obtain a
result of E. Ruch of special beauty.
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Theorem 6.2.1 (Ruch). If a distribution of ligands according to the partition µ amounts
to a chiral molecule, and λ is dominated by µ , then also a distribution according to λ
yields a chiral molecule.
6.3. Now, using our approach, we shall present the Ko¨rner’s relations between the
di-, and tri-substitution derivatives of benzene, C6H6. The exposition below follows that
of Lunn and Senior.
Let the skeleton Σ be the six carbon atom ring of benzene. According to [3, VI], the
group G of substitution isomerism of benzene has the following elements:
(1), (123456), (135)(246), (14)(25)(36), (153)(264), (165432),
(13)(46), (12)(36)(45), (26)(35), (16)(25)(34), (15)(24), (14)(23)(56).
Clearly, G coincides with the dihedral group D6 = 〈r, s〉, where r = (123456), and s =
(13)(46).
Case 1. λ = (4, 2).
There are three isomeric forms of the di-substitution products of benzene, called para,
ortho, andmeta derivatives. ThereforeN(4,2);Σ = 3, which is in agreement with the equality
n(4,2);G = 3.
We have T(4,2);G = {a(4,2), b(4,2), c(4,2)}, where:
a(4,2) is the G-orbit
{({2, 3, 5, 6}, {1, 4}, ∅, ∅, ∅, ∅), ({1, 3, 4, 6}, {2, 5}, ∅, ∅, ∅, ∅), ({1, 2, 4, 5}, {3, 6}, ∅, ∅, ∅, ∅)}
of the tabloid A(4,2) = ({2, 3, 5, 6}, {1, 4}, ∅, ∅, ∅, ∅);
b(4,2) is the G-orbit
{({1, 2, 3, 4}, {5, 6}, ∅, ∅, ∅, ∅), ({2, 3, 4, 5}, {1, 6}, ∅, ∅, ∅, ∅), ({3, 4, 5, 6}, {1, 2}, ∅, ∅, ∅, ∅),
({1, 4, 5, 6}, {2, 3}, ∅, ∅, ∅, ∅), ({1, 2, 5, 6}, {3, 4}, ∅, ∅, ∅, ∅), ({1, 2, 3, 6}, {4, 5}, ∅, ∅, ∅, ∅)}
of the tabloid B(4,2) = ({1, 2, 3, 4}, {5, 6}, ∅, ∅, ∅, ∅);
c(4,2) is the G-orbit
{({2, 4, 5, 6}, {1, 3}, ∅, ∅, ∅, ∅), ({1, 3, 5, 6}, {2, 4}, ∅, ∅, ∅, ∅), ({1, 2, 4, 6}, {3, 5}, ∅, ∅, ∅, ∅),
({1, 2, 3, 5}, {4, 6}, ∅, ∅, ∅, ∅), ({2, 3, 4, 6}, {1, 5}, ∅, ∅, ∅, ∅), ({1, 3, 4, 5}, {2, 6}, ∅, ∅, ∅, ∅)}
of the tabloid C(4,2) = ({2, 4, 5, 6}, {1, 3}, ∅, ∅, ∅, ∅).
Case 2. λ = (32).
The tri-substitution products of benzene exist in three isomeric forms if all the sub-
stituents are the same. They are known as asymmetrical, vicinal, and symmetrical deriva-
tives. Thus N(32);Σ = 3, which agrees with n(32);G = 3.
We have T(32);G = {a(32), b(32), c(32)}, where:
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a(32) is the G-orbit
{({1, 2, 4}, {3, 5, 6}, ∅, ∅, ∅, ∅), ({2, 3, 5}, {1, 4, 6}, ∅, ∅, ∅, ∅), ({3, 4, 6}, {1, 2, 5}, ∅, ∅, ∅, ∅),
({1, 4, 5}, {2, 3, 6}, ∅, ∅, ∅, ∅), ({2, 5, 6}, {1, 3, 4}, ∅, ∅, ∅, ∅), ({1, 3, 6}, {2, 4, 5}, ∅, ∅, ∅, ∅),
({2, 3, 6}, {1, 4, 5}, ∅, ∅, ∅, ∅), ({1, 2, 5}, {3, 4, 6}, ∅, ∅, ∅, ∅), ({1, 4, 6}, {2, 3, 5}, ∅, ∅, ∅, ∅),
({3, 5, 6}, {1, 2, 4}, ∅, ∅, ∅, ∅), ({2, 4, 5}, {1, 3, 6}, ∅, ∅, ∅, ∅), ({1, 3, 4}, {2, 5, 6}, ∅, ∅, ∅, ∅)}
of the tabloid A(3
2) = ({1, 2, 4}, {3, 5, 6}, ∅, ∅, ∅, ∅);
b(32) is the G-orbit
{({1, 2, 3}, {4, 5, 6}, ∅, ∅, ∅, ∅), ({2, 3, 4}, {1, 5, 6}, ∅, ∅, ∅, ∅), ({3, 4, 5}, {1, 2, 6}, ∅, ∅, ∅, ∅),
({4, 5, 6}, {1, 2, 3}, ∅, ∅, ∅, ∅), ({1, 5, 6}, {2, 3, 4}, ∅, ∅, ∅, ∅), ({1, 2, 6}, {3, 4, 5}, ∅, ∅, ∅, ∅)}
of the tabloid B(3
2) = ({1, 2, 3}, {4, 5, 6}, ∅, ∅, ∅, ∅);
c(32) is the G-orbit
{({1, 3, 5}, {2, 4, 6}, ∅, ∅, ∅, ∅), ({2, 4, 6}, {1, 3, 5}, ∅, ∅, ∅, ∅)}
of the tabloid C(3
2) = ({1, 3, 5}, {2, 4, 6}, ∅, ∅, ∅, ∅).
Since A(3
2) < (135)(246)A(4,2), A(3
2) < B(4,2), A(3
2) < (135)(246)C(4,2), B(3
2) <
B(4,2), B(3
2) < (14)(25)(36)C(4,2), and C(3
2) < (123456)C(4,2), we have
a(32) < a(4,2), a(32) < b(4,2), a(32) < c(4,2),
b(32) < b(4,2), b(32) < c(4,2), c(32) < c(4,2).
The above inequalities coincide with the classical Ko¨rner relations between di- and
tri-substitution products of benzene, and serve for complete identification of these six
derivatives:
a(4,2) b(4,2) c(4,2)
↓ ւ ↓ ւ ↓ ց
a(32) a(32) b(32) a(32) b(32) c(32)
Here the arrow a→ bmeans that the isomers a and b are neighbours with a > b and b can be
obtained from a via a simple substitution reaction. The Ko¨rner’s diagrams yield that a(4,2)
represents the para compound, b(4,2) represents the ortho compound, c(4,2) represents the
meta compound, a(32) represents the asymmetrical compound, b(32) represents the vicinal
compound, and c(32) represents the symmetrical compound.
6.4. Here we shall discuss the derivatives of ethene, C2H4, and their genetic relations,
taking into account the exposition from [3, VI]. The group G of substitution isomerism of
ethene is the Klein subgroup of S4:
G = {(1), (12)(34), (13)(24), (14)(23)}.
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Since there are no chiral pairs, G′ = G. For the group G′′ we can choose any one of the
three conjugated Sylow 2-subgroups of S4, for instance
G′′ = {(1), (12)(34), (13)(24), (14)(23), (13), (24), (1234), (1432)}.
The group G′′ coincides with the dihedral group D4 = 〈r, s〉, where r = (1234), and
s = (13). Thus r2 = (13)(24), r3 = (1432), sr = (12)(34), sr2 = (24), sr3 = (14)(23).
These groups are defined in [3, VI] by using the inequalities (1.5.3) – (1.5.5).
The Abelian group G has four one-dimensional characters: The unit character, the
character χ1 with kernel 〈(13)(24)〉, the character χ2 with kernel 〈(12)(34)〉, and the char-
acter χ3 with kernel 〈(14)(23)〉.
Let Σ be the two carbon atom skeleton of ethene.
Case 1. λ = (4).
Then N(4);Σ = n(4);G = 1, and N
′′
(4);Σ = n(4);G′′ = 1.
We have T(4);G = T(4),G′′ = {a(4)} , where a(4) is the only G-, and G
′′-orbit of the
tabloid A(4) = ({1, 2, 3, 4}, ∅, ∅, ∅). The only G-orbit a(4) represents the parent substance
of ethene.
Case 2. λ = (3, 1).
In this case, again N(3,1);Σ = n(3,1);G = 1, and N
′′
(3,1);Σ = n(3,1);G′′ = 1.
We have T(3,1);G = T(3,1),G′′ = {a(3,1)}, where a(3,1) is the only G-, and G
′′-orbit of
the tabloid A(3,1) = ({1, 2, 3}, {4}, ∅, ∅). This is because both G, and G′′ are transitive
subgroups of S4.
Moreover, a(3,1) < a(4), since A
(3,1) < A(4).
Case 3. λ = (22).
Then N(22);Σ = n(22);G = 3, and N
′′
(22);Σ = n(22);G′′ = 2 .
We have T(22);G = {a(22), b(22), c(22)}, where:
a(22) is the G-orbit
{({1, 2}, {3, 4}, ∅, ∅), ({3, 4}, {1, 2}, ∅, ∅)}
of the tabloid A(2
2) = ({1, 2}, {3, 4}, ∅, ∅) with stabilizer G
A(2
2) = 〈(12)(34)〉;
b(22) is the G-orbit
{({1, 4}, {2, 3}, ∅, ∅), ({2, 3}, {1, 4}, ∅, ∅)}
of the tabloid B(2
2) = ({1, 4}, {2, 3}, ∅, ∅) with stabilizer G
B(2
2) = 〈(14)(23)〉;
c(22) is the G-orbit
{({1, 3}, {2, 4}, ∅, ∅), ({2, 4}, {1, 3}, ∅, ∅)}
of the tabloid C(2
2) = ({1, 3}, {2, 4}, ∅, ∅) with stabilizer G
C(2
2) = 〈(13)(24)〉.
For the group G′′, we have T(22);G′′ = {u(22), v(22)}, where:
u(22) is the G
′′-orbit
{({1, 2}, {3, 4}, ∅, ∅), ({3, 4}, {1, 2}, ∅, ∅), ({1, 4}, {2, 3}, ∅, ∅), ({2, 3}, {1, 4}, ∅, ∅)}
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of the tabloid A(2
2) = ({1, 2}, {3, 4}, ∅, ∅);
v(22) is the G
′′-orbit
{({1, 3}, {2, 4}, ∅, ∅), ({2, 4}, {1, 3}, ∅, ∅)}
of the tabloid C(2
2) = ({1, 3}, {2, 4}, ∅, ∅).
Evidently, u(22) = a(22) ∪ b(22), and v(22) = c(22).
Moreover we have,
a(22) < a(3,1), b(22) < a(3,1), c(22) < a(3,1),
since A(2
2) < A(3,1), (13)(24)B(2
2) < A(3,1), and C(2
2) < A(3,1), respectively.
Case 4. λ = (2, 12).
Then N(2,12);Σ = n(2,12);G = 3, and N
′′
(2,12);Σ = n(2,12);G′′ = 2.
We have T(2,12);G = {a(2,12), b(2,12), c(2,12)}, where:
a(2,12) is the G-orbit
{({1, 2}, {3}, {4}, ∅), {({1, 2}, {4}, {3}, ∅), ({3, 4}, {1}, {2}, ∅)}, ({3, 4}, {2}, {1}, ∅)}
of the tabloid A(2,1
2) = ({1, 2}, {3}, {4}, ∅) with stabilizer G
A(2,1
2) = {(1)};
b(2,12) is the G-orbit
{({1, 4}, {2}, {3}, ∅), {({1, 4}, {3}, {2}, ∅), ({2, 3}, {1}, {4}, ∅)}, ({2, 3}, {4}, {1}, ∅)}
of the tabloid B(2,1
2) = ({1, 4}, {2}, {3}, ∅) with stabilizer G
B(2,1
2) = {(1)};
c(2,12) is the G-orbit
{({1, 3}, {2}, {4}, ∅), {({1, 3}, {4}, {2}, ∅), ({2, 4}, {1}, {3}, ∅)}, ({2, 4}, {3}, {1}, ∅)}
of the tabloid C(2,1
2) = ({1, 3}, {2}, {4}, ∅) with stabilizer G
C(2,1
2) = {(1)}.
For the group G′′ we have T(2,12);G′′ = {u(2,12), v(2,12)}, where:
u(2,12) is the G
′′-orbit
{({1, 2}, {3}, {4}, ∅), ({1, 2}, {4}, {3}, ∅), ({3, 4}, {1}, {2}, ∅), ({3, 4}, {2}, {1}, ∅),
({1, 4}, {2}, {3}, ∅), ({1, 4}, {3}, {2}, ∅), ({2, 3}, {1}, {4}, ∅), ({2, 3}, {4}, {1}, ∅)}
of the tabloid A(2,1
2) = ({1, 2}, {3}, {4}, ∅);
v(2,12) is the G
′′-orbit
{({1, 3}, {2}, {4}, ∅), ({1, 3}, {4}, {2}, ∅), ({2, 4}, {1}, {3}, ∅), ({2, 4}, {3}, {1}, ∅)}
of the tabloid C(2,1
2) = ({1, 3}, {2}, {4}, ∅).
Clearly, u(2,12) = a(2,12) ∪ b(2,12), and v(2,12) = c(2,12).
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Moreover,
a(2,12) < a(22), b(2,12) < b(22), c(2,12) < c(22),
since A(2,1
2) < A(2
2), B(2,1
2) < B(2
2), C(2,1
2) < C(2
2), and
a(2,12) < a(3,1), b(2,12) < a(3,1), c(2,12) < a(3,1), (6.4.1)
because A(2,1
2) < A(3,1), (12)(34)B(2,1
2) < A(3,1), and C(2,1
2) < A(3,1).
Case 4. λ = (14).
Then N(14);Σ = n(14);G = 6, and N
′′
(14);Σ = n(14);G′′ = 3.
We have
T(14);G = {a(14), b(14), c(14), e(14), f(14), h(14)},
where:
a(14) is the G-orbit
{({1}, {2}, {3}, {4}), ({2}, {1}, {4}, {3}), ({3}, {4}, {1}, {2}), ({4}, {3}, {2}, {1})}
of the tabloid A(1
4) = ({1}, {2}, {3}, {4}) (the right coset G of S4 modulo G);
b(14) is the G-orbit
{({1}, {2}, {4}, {3}), ({2}, {1}, {3}, {4}), ({3}, {4}, {2}, {1}), ({4}, {3}, {1}, {2})}
of the tabloid B(1
4) = ({1}, {2}, {4}, {3}) (the right coset G(34) of S4 modulo G);
c(14) is the G-orbit
{({1}, {4}, {2}, {3}), ({2}, {3}, {1}, {4}), ({3}, {2}, {4}, {1}), ({4}, {1}, {3}, {2})}
of the tabloid C(1
4) = ({1}, {4}, {2}, {3}) (the right coset G(243) of S4 modulo G);
e(14) is the G-orbit
{({1}, {3}, {2}, {4}), ({2}, {4}, {1}, {3}), ({3}, {1}, {4}, {2}), ({4}, {2}, {3}, {1})},
of the tabloid E(1
4) = ({1}, {3}, {2}, {4}) (the right coset G(23) of S4 modulo G);
f(14) is the G-orbit
{({3}, {1}, {2}, {4}), ({4}, {2}, {1}, {3}), ({1}, {3}, {4}, {2}), ({2}, {4}, {3}, {1})},
of the tabloid F (1
4) = ({3}, {1}, {2}, {4}) (the right coset G(132) of S4 modulo G);
h(14) is the G-orbit
{({3}, {2}, {1}, {4}), ({4}, {1}, {2}, {3}), ({1}, {4}, {3}, {2}), ({2}, {3}, {4}, {1})},
of the tabloid H(1
4) = ({3}, {2}, {1}, {4}) (the right coset G(13) of S4 modulo G).
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For the group G′′, we have
T(14);G′′ = {u(14), v(14), w(14)},
where: u(14) is the G
′′-orbit
{({1}, {2}, {3}, {4}), ({2}, {1}, {4}, {3}), ({3}, {4}, {1}, {2}), ({4}, {3}, {2}, {1}),
({3}, {2}, {1}, {4}), ({4}, {1}, {2}, {3}), ({1}, {4}, {3}, {2}), ({2}, {3}, {4}, {1})},
of the tabloid A(1
4) = ({1}, {2}, {3}, {4}) (the right coset G′′ of S4 modulo G
′′);
v(14) is the G
′′-orbit
{({1}, {2}, {4}, {3}), ({2}, {1}, {3}, {4}), ({3}, {4}, {2}, {1}), ({4}, {3}, {1}, {2}),
({1}, {4}, {2}, {3}), ({2}, {3}, {1}, {4}), ({3}, {2}, {4}, {1}), ({4}, {1}, {3}, {2})},
of the tabloid B(1
4) = ({1}, {2}, {4}, {3}) (the right coset G′′(34) of S4 modulo G
′′);
w(14) is the G
′′-orbit
{({1}, {3}, {2}, {4}), ({2}, {4}, {1}, {3}), ({3}, {1}, {4}, {2}), ({4}, {2}, {3}, {1}),
({3}, {1}, {2}, {4}), ({4}, {2}, {1}, {3}), ({1}, {3}, {4}, {2}), ({2}, {4}, {3}, {1})},
of the tabloid E(1
4) = ({1}, {3}, {2}, {4}) (the right coset G′′(23) of S4 modulo G
′′).
Clearly, u(14) = a(14) ∪ h(14), v(14) = b(14) ∪ c(14), w(14) = e(14) ∪ f(14).
Further we have
a(14) < a(2,12), b(14) < a(2,12), c(14) < b(2,12),
e(14) < b(2,12), f(14) < c(2,12), h(14) < c(2,12),
because A(1
4) < A(2,1
2), B(1
4) < A(2,1
2), C(1
4) < B(2,1
2), (14)(23)E(1
4) < B(2,1
2),
F (1
4) < C(2,1
2), and H(1
4) < C(2,1
2).
Here is the diagram which represents the derivatives of ethene.
(4) a(4)
↓ ↓
(3, 1) a(3,1)
↓ ւ ↓ ց
(22) a(22)
u(22)
↔ b(22) c(22)
↓ ւ ↓ ց
(2, 12) a(2,12)
u(2,12)
↔ b(2,12) c(2,12)
↓ ւ ց ↓ ց ↓ ց
(14) a(14) b(14)
v(14)
↔ c(14) e(14)
w(14)
↔ f(14) h(14)
տ ր
u(14)
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The arrow a→ b means that the isomers a and b are neighbours with a > b and b can be
obtained from a via a simple substitution reaction. The horizontal double arrow means that
the two isomers are diastereomers and the letter above/below it denotes the corresponding
structural isomer. The above diagram does not indicates the simple substitution reactions
from (6.4.1), where the isomers are not neighbours.
Our extended approach confirms the conclusion of Lunn and Senior from [3, VI] that
there are no type properties which distinguish the members of the pairs of diastereomers
a(22), b(22) and a(2,12), b(2,12). It is clear that the genetic relations from the above diagram
fail to make any difference between them. On the level of one-dimensional characters of
the group G, the members of the second pair are indistinguishable because the stabilizers
of their elements coincide with the unit group. At first sight each one of the characters
χ2 and χ3 of the group G “distinguishes” a(22) and b(22): For instance χ2 is identically 1
on the stabilizer G
A(2
2) = 〈(12)(34)〉 of the tabloid A
(22) ∈ a(22) and χ2 is not identically
1 on the stabilizer G
B(2
2) = 〈(14)(23)〉 of the tabloid B
(22) ∈ b(22). The same is true for
χ3 if we replace a(22) for b(22) and vice versa. It is not hard to check that the presence
of a non-trivial one-dimensional character θ of S(22) in the formula (5.1.2) has the same
effect as the interchange of χ2 and χ3. Unfortunately, the characters χ2 and χ3 can not be
distinguished: Each one of them can be obtained from the other by a special automorphism
of the group G, that is induced by a renumbering the unsatisfied valences of the skeleton
Σ. Therefore we can only conclude that both a(22) and b(22) are elements of the symmetric
difference
(T(22);χ2\T(22);χ3) ∪ (T(22);χ3\T(22);χ2),
so the type properties corresponding to χ2 and χ3 via the Extended Lunn-Senior Thesis
1.6.1 can not be used to make difference between the members of this pair of diastereomers.
Thus, “...Whenever diameric pairs of disubstitution derivatives of ethylene have been in-
vestigated, it has been necessary to fall back on the specific properties of the molecules in
question in order to decide which one is the cis and which one the trans isomer” (see [3,
VI]).
Appendix A
Let X be a set with partial order ≤. This means that the binary relation ≤ defined
in X , satisfies the following two properties:
(a) x ≤ x for any x ∈ X ;
(b) x ≤ y and y ≤ z implies x ≤ z for all x, y, z ∈ X .
We write x < y when x ≤ y and x 6= y.
Any subset Y ⊂ X inherits the structure of partially ordered set from X .
For any x, y ∈ X , the set {z ∈ X |x ≤ z ≤ y} is denoted by [x, y], and is called closed
interval in X with endpoints x and y. The set {z ∈ X |x < z < y} is denoted by (x, y),
and is called open interval in X .
When x < y and (x, y) = ∅, then x and y are said to be neighbours in X with x < y.
The elements x and y are called neighbours in X if x and y are neighbours in X with
x < y, or with y < x.
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Resume of Part I
There are four themes in this paper, which may be of interest to a chemist:
1) The determination of the structural formula of a potentially existing isomer with
given skeleton Σ, starting from any tabloid in the G-orbit which represents this isomer
according to Lunn-Senior thesis 1.5.1 (here G is the symmetry group of Σ);
2) the partial order ≤ on the set of allG-orbits of tabloids (Section 4 and the subsidiary
Sections 1 - 3);
3) the hypothesis that the set of (χ, θ)-orbits determines a type property of the
molecule under consideration (Section 1, 1.6.1), and the count of (χ, θ)-orbits (Section
5);
4) the attempt to breathe new life into the philosophy of the original Lunn-Senior’s
paper [3].
The way of construction of the structural formula of an isomer with given skeleton
Σ is explicitly build in the representation of this isomer by a tabloid A = (A1, A2, . . .):
If i ∈ Ak, then we attach the univalent substituent xk to Σ’s unsatisfied valence number
i, for k = 1, 2, . . . . Since there is no “canonical” numbering of the unsatisfied valences,
a main problem of the present model is the identification of the real substances (if any)
having these structural formulae, in terms of the model itself. The partial order ≤, and
the (χ, θ)-orbits can be applied for this problem to be solved (at least partially).
The partial order may also be used in the following way:
The relation a < b between the isomers a and b is an indication of the existence
of a finite sequence of simple substitution reactions b → c1 → · · · → cr → a, where the
compounds c1, . . . , cr, are intermediate stages in a synthesis of a. Such a sequence c1, . . . , cr
(which is far-away of being unique), can be constructed by means of Theorem 3.4.4.
The relation a 6≤ b implies that the isomer a for sure can not be obtained from the
isomer b via a finite sequence of simple substitution reactions.
The partial order is tested in Section 6 for finding the genetic relations of the sub-
stitution derivatives of ethene. It is applied also in the case of di-, and tri-substitution
derivatives of benzene and yields the classical Ko¨rner’s relations. These two applications
are considered also in Lunn-Senior’s paper, Part VI. It goes without saying that the ade-
quacy of this partial order to the chemical reality needs more experimental verifications.
A central topic in the paper is a detailed study of the notion of ”neighbourhood” with
respect to the above partial order. If two isomers a and b are neighbours with a < b, then
probably there exists a chemical reaction b → a, but it is certain that this reaction can
not be represented as b → c → a, where c is a isomer. The main result in this direction
is Theorem 4.2.3, (ii), which characterizes mathematically the pairs of neighbours a < b,
and in this case predicts the existence of a chain b → c1 → · · · → cr → a, where the
intermediate ”reactions” are ”virtual”, that is, c1, . . . , cr are not represented by tabloids,
but by ordered dissections.
Item 5 of the Extended Lunn-Senior Thesis 1.6.1 is our hypothesis. If χ is a one-
dimensional character of the symmetric group G of the molecule, and if θ is a one-
dimensional character of the group Sλ (this group reflects the empirical formula (1.1.2)
of the molecule), then the couple (χ, θ) produces via condition (5.1.3) a subset of the set
of all G-orbits, which, we suppose, represents a type property of this molecule. This is
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true when χ = 1G, and θ = 1Sλ . In this particular case we obtain the set of all G-orbits,
each one of them possibly representing an isomer due to Lun-Senior Thesis 1.5.1. This
also is true in case χ = χe, and θ = 1Sλ (see Section 6, 6.1), and we get a set which
represents the chiral pairs. Theorem 5.3.1 is a wide generalization of a crucial result of
Ruch (see Theorem 6.2.1) which connects the existence of chiral pairs with the dominance
order among the partitions. This theorem holds out a hope that the Extended Lunn-Senior
Thesis 1.6.1 is valid. Which couples (χ, θ) are within the scope of 1.6.1, item 5, is a matter
of the experiment. We guess that there are no exceptions. Theorem 5.2.7 gives an explicit
formula for the number of the (χ, θ)-orbits.
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